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Quantum-enhanced interferometry with weak
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We propose and implement a procedure for enhancing the sensitivity with which one can determine the phase shift
experienced by a thermal light beam possessing on average fewer than four photons in passing through an interferometer. Our procedure entails subtracting exactly one (which can be generalized to m) photon from the light field
exiting an interferometer containing a phase-shifting element in one of its arms. As a consequence of the process of
photon subtraction, the mean photon number and signal-to-noise ratio (SNR) of the resulting light field are increased,
leading to an enhancement of the SNR of the interferometric signal for that fraction of the incoming data that leads to
photon subtraction. © 2017 Optical Society of America
OCIS codes: (270.0270) Quantum optics; (270.5290) Photon statistics; (120.3180) Interferometry; (120.3940) Metrology.
https://doi.org/10.1364/OPTICA.4.000487

1. INTRODUCTION
Interferometry is the technique of choice for many of the most
sensitive physical measurements to date [1]. It underlies many
monumental discoveries in physics, such as Young’s double-slit
experiment, the Michelson–Morley experiment that established
the special theory of relativity, and recently and spectacularly
in gravitational wave detection [1]. Many such applications deal
with sources of light that possess thermal statistics. The fluctuations
in the number of photons of a thermal state are given by
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n̄n̄  1, where n̄ is the average number of photons contained
in the field. For a dim source of thermal light, the magnitude of
these fluctuations becomes comparable to or even larger than n̄.
The most straightforward approach for increasing the signalto-noise ratio (SNR) of an interferometric signal is to increase the
signal. For a fixed source of illumination, however, this approach
can be realized only at the expense of increasing the measurement
time. In this communication, we seek alternative methods of
enhancing the SNR for a given value of average photon number.
We seek to develop a tool to distill the interferometric data even
for quantum states that include only a few photons. Naively, one
may expect that amplifying the input to an interferometer may
lead to enhanced interferometry. However, quantum mechanics
dictates a minimum noise cost that erases any benefit that amplification provides [2]. We thus need to go beyond unitary operations to improve the sensitivity of an interferometric setup for an
2334-2536/17/040487-05 Journal © 2017 Optical Society of America

input beam containing only a few thermal photons. Furthermore,
although there are multiple strategies developed to harness the
quantum nature of light in order to enhance the accuracy of interferometric measurements [3–8], such proposals use exotic
quantum states of light, e.g., squeezed states or entangled states,
to probe the physical process of interest [3,9–15]. Unfortunately
such an arrangement is infeasible when the object of interest is a
remote source of light that possesses thermal statistics. We thus
instead make use of a postprocessing operation to distill the statistical information already contained in the interferometric signal
[16–19].
Here we describe a means of enhancing the phase sensitivity of
dim-light interferometry. Our method is based on the use of photon-subtracted thermal states, which are states obtained by removing a fixed number of photons from a light field that possesses
thermal statistics [20,21]. Photon-subtracted states have recently
attracted interest because of their applications in quantum communication, quantum computation, and quantum metrology
[20,22–31]. In contrast with the conventional approach of utilizing quantum states as the input to the interferometer, we propose
to implement photon subtraction on the light exiting the interferometer. Surprisingly, such a subtraction scheme leads to an enhancement in both the magnitude of the signal and the SNR, and
we demonstrate this in a scenario where the average number of
photons in the interferometer is fewer than four photons.
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2. PHOTON-SUBTRACTED ENHANCEMENT OF
INTERFEROMETRY
We first propose a simple model to capture the essence of how
photon subtraction enhances both the signal strength and the
SNR in interferometry. An interferometer is mathematically
equivalent to a phase-dependent unitary transformation that connects the input ports â; b̂ to those of the output ports ĉ; d̂ . For
simplicity we assume the interferometer to be symmetric; that is,
the beam splitters are 50% transmitting and 50% reflecting. The
field operators of the output ports are then related to those of the
input ports through the following transformation:
1
ĉ  e iφ − 1b̂  ie iφ  1â;
2
1
d̂  ie iφ  1b̂  1 − e iφ â;
(1)
2
where φ denotes the phase difference between the two paths.
We assume that input port â is fed by thermal light and that
port b̂ is fed by the vacuum state. In this case the fields at both
output ports possess thermal statistics whose averages and
standard deviations are [32]
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
φ
Δnc  n̄2c  n̄c ;
n̄c  Trĉ † ĉ ρ̂0   n̄ cos2 ;
2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
†
2 φ
;
Δnd  n̄2d  n̄d : (2)
n̄d  Trd̂ d̂ ρ̂0   n̄ sin
2
Here n̄  Trâ† âρ̂th  is the average occupation number in input
port â. Note that although the initial density matrix describes a
b
separable state of the form ρ̂0  ρ̂a
th ⊗ ρ̂vac , the output is not a
direct product of the two reduced density matrices of the output
ports. However, the reduced density matrix for either of the
output ports is itself that of a thermal state [32].
Our strategy for enhancing the measurement sensitivity is to
suppress the zero photon events of the thermal light distribution.
Note that the most probable photon occupation number in a
thermal state is the vacuum state. However, the vacuum does
not produce any detection event. Therefore by suppressing the
vacuum contribution of the thermal distribution we achieve an
ensemble that has a higher probability of producing a signal at
detectors. Our means for suppressing the vacuum contribution
is photon subtraction, which can increase the average number
of photons in the resulting light field [20,33]. After implementing
the subtraction, the resulting reduced density matrix for port ĉ is
(see Supplement 1)
X n  1n̄nc
jni hnj:
(3)
ρ̂1c 
1  n̄c n2 c c
n
Here jnic is the Fock state of n photons in port ĉ. For this photonsubtracted state the average photon number and its variance are
φ
Trĉ † ĉ ρ̂1c   2n̄ cos2  2n̄c ;
2
pﬃﬃﬃ
† 2
†
Trĉ ĉ ρ̂1c  − Trĉ ĉ ρ̂1c 2 1∕2  2Δnc :
(4)
Thus subtraction of a single photon from port ĉ doubles the average number of photons and the variance. The SNR, defined as the
ratio of the mean photonpnumber
to its standard deviation, is then
ﬃﬃﬃ
enhanced by a factor of 2. Interestingly, the same enhancement
occurs for photons in port d̂ after conditioning on subtraction
of a single photon from port ĉ. Furthermore, removing a larger
number of photons from the input thermal state leads to an even
more pronounced increase in the mean and SNR.
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In the discussion just presented, we did not account for the
effects of various loss mechanisms. However, we have shown elsewhere that even when such losses are included, the enhancement
due to photon subtraction remains considerable [34]. From the
full model the average and standard deviation of the number of
detection events associated with port c are given by


φ
1 − δ0m m  1
N̄ c  n̄T η2 cos2
;
δ0m 
2
1  n̄1 − T η1 cos2 φ2
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  mn̄T η2 cos2 φ2
:
(5)
ΔN c  N̄ c ∕
1  n̄T η2  1 − T η1 cos2 φ2
Here ηi is the detection efficiency at detector i, T denotes the transmission of the beam splitter used for subtraction, m is the number
of subtracted photons, and δ0m is the Kronecker delta function.
3. EXPERIMENTAL REALIZATION
Next we describe the experiment we used to demonstrate the enhancement in measurement sensitivity. Our demonstration provides, to the best of our knowledge, the first direct observation of
the enhancement in SNR that is achieved by implementing the
process of photon subtraction. A schematic representation of our
setup is shown in Fig. 1. We use a narrow-band external-cavity
diode laser operating at a wavelength of 780 nm. To produce thermal statistics we focus the cw beam from the laser onto a rotating
ground-glass plate. The beam is then coupled into a single-mode
optical fiber to extract a single transverse mode of pseudothermal
light [35]. We next pass this beam through the interferometer. In
our implementation we use a common-path Mach–Zehnder
interferometer (MZI). In such an implementation the two
polarizations of light correspond to the different arms of the interferometer. The phase difference between the two polarizations is

Fig. 1. Schematic of the experimental setup used to observe increased
measurement sensitivity through photon subtraction. The output beam
from a narrow-bandwidth cw laser is focused onto a rotating ground-glass
plate and is then coupled into a single-mode optical fiber (SMF). The
single-transverse-mode, thermal light exiting the SMF is then sent to
one input port (â) of a Mach–Zehnder interferometer (MZI). Light from
one output port (ĉ) is then sent to a combination of a half-wave plate
(HWP) and polarizing beam splitter (PBS2) to perform the process of
photon subtraction. Detector APD2 counts the number of photons
in a time window of fixed length, conditioned on a detection event
in APD1. Similarly, light from the other output port (d̂ ) is sent to
detector APD3. In our actual implementation (see inset), we use a
common-path MZI to increase the stability. In this case a rotatable
HWP is used to control the phase difference between two orthogonal
polarization states of the light beam.

Research Article

Vol. 4, No. 4 / April 2017 / Optica

set by means of a rotatable half-wave plate (HWP) placed within
the interferometer. The phase difference determines the relative
intensities of the light at the two output ports. It is our goal
to determine this phase difference with high accuracy.
Without photon subtraction, our measurement sensitivity is
limited by the standard fluctuations from each of the output ports
of the interferometer. We increase the sensitivity through the process of photon subtraction, which we implement as follows. We
divert as little as (10%) of one of the output ports to detector
APD1. The fraction of the light sent to this detector is controlled
by a HWP and a polarizing beam splitter (PBS2). The number of
“clicks” within one integration time of ≃1 μs indicates the
number of photons subtracted from the field. We then count
the number of detection events for detectors APD2 and APD3 conditioned on the number of detection events measured by APD1.
Note that our subtraction scheme works on a random basis and will
be successful only about 10% of the time. Nevertheless, we note
that there are other schemes for photon subtraction that lead
to a higher success rate in postselection [27,36,37].
We first establish a baseline experiment with which the photon-subtracted results can be compared. We set the phase difference such that port d̂ becomes dark and all the photons are
directed toward port ĉ. We then change the induced phase by
rotating the HWP inside the MZI. For each value of the phase
we register the number of photons that are detected in each coherence time. From this data we extract a histogram of the number of detected photons, which we then normalize to produce a
probability distribution [Fig. 2(a)]. We also extract the average
[Fig. 2(b)] and the SNR [Fig. 2(c)] of the histogram for each value
of the phase. For all values of the phase, we observe negative exponential distributions (the signature of a thermal source) whose
average occupation numbers are n̄T η2 ∼ 1.1 cos2 φ∕2. Note
that the value of n̄ is determined through the average number
(a)a

6
4
2
0

0
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of detected photons after taking account of the various efficiencies
(losses) of the detection process.
We next demonstrate the effect of photon subtraction on the sensitivity of the interferometer by plotting the same quantities when
subtraction is implemented. We perform photon counting through
the use of avalanche photodiodes (APDs) operating in the Geiger
mode. The coherence time of our laser is approximately 1 μs, and
to ensure that we perform measurements on a single-temporal-mode
field, we use an integration time equal to the coherence time. The
deadtime of our APD detectors is approximately 50 ns. To minimize
errors associated with the arrival of a second photon within the deadtime following a specific detection event, we adjust our laser intensity
so that only a small number (≲4) of photons arrive in any one integration time. We also use a statistical approach to correct our
raw data for the rare occurrence of multiple photons arriving within
detector deadtime; see Supplement 1 for details. Our use of a longcoherence-time light source allows us to time-bin the output of a standard APD to perform photon counting, thus circumventing the need
to use photon-number-resolving detectors [21].
In Fig. 3(a), we show a histogram of the photon number distribution measured at APD2 conditioned on the detection of a
photon in the APD1 for different values of φ. In Figs. 3(b)
and 3(c), we plot the mean photon number and the SNR as functions of φ. For comparison, we have also included the results for
light with pure thermal statistics. We see that photon subtraction
leads to an increase of the average photon number and SNR. For
φ  0 the mean is increased from 1.1 to 1.8 and the SNR is increased from 0.86 to 1.15. The results are in very good agreement
with the predictions of Eq. (7). Note that the increase in mean
number is less than
pﬃﬃﬃ a factor of 2 and the increase in SNR is less
than a factor of 2 as a consequence of loss. Nevertheless, even in
the presence of loss we observe considerable enhancement in both
signal and SNR.
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Fig. 2. (a) Probability distribution of the photon number distribution.
Each column corresponds to a given value of the phase, and the probability
is encoded in the color coding. (b) Mean photon number and (c)
signal-to-noise ratio measured at the output of the interferometer by
APD2 as a function of the phase difference between the two arms of
the interferometer. Each column in panel (a) corresponds to a dot in panels
(b) and (c). Dots represent experimental results, and the solid lines describe
what is expected from theory. Here the average photon number before the
interferometer is n̄  4.1, the transmission of the subtracting PBS is
T  0.9, the detection efficiency of APD2 is η2 ≈ 0.3, and N̄ c  1.1.

Fig. 3. (a) Probability distribution of the photon number distribution.
Each column corresponds to a given value of the phase, and the probability is encoded in the color coding. (b) Mean photon number (blue)
and (c) signal-to-noise ratio (blue) measured at the output of the interferometer by APD2 as a function of the phase difference between the two
arms of the interferometer. Each column in panel (a) corresponds to a dot
in panels (b) and (c). Dots represent experimental results, and the solid
lines describe what is expected from theory. The parameters are the same
as in Fig. 2, and the detection efficiency of APD1 is η1 ≈ 0.33. Also in
red are the results for thermal light without subtraction for comparison.
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We see that the mean photon number and SNR of port d are
increased by the process of photon subtraction from port c, and
that the increase becomes more pronounced for the subtraction of
two photons. This surprising dependence of the photon number
distribution involving the two ports is a manifestation of the correlations between the output ports c, d in the joint density matrix.
We emphasize the connection between photon subtraction
and photon bunching. The fact that subtracting a photon leads
to an enhancement in the signal and SNR is connected to the fact
that in a thermal distribution the photons are bunched. Thus a
subtraction event signals the higher probability for the presence
of photons in the signal detector.

(a)

(b)

4. POSTSELECTION LOSS ANALYSIS

(c)

Fig. 4. Same as Fig. 3, except for two-photon-subtracted thermal light.
Also shown are the results for thermal light without subtraction (in red)
and one-photon-subtracted thermal light (in blue) for comparison.

Subtracting more than one photon leads to an even more pronounced increase in the mean photon number and SNR, as in
Eq. (7). We show results for the case of two-photon-subtracted
thermal states in Fig. 4. We obtain these results by conditioning
the photon registration by APD2 on the detection of two photons
by APD1. We observe a pronounced departure from the negative
exponential distribution. For φ  0 the mean occupation number increases from 1.14 without conditioning to 2.54, and the
SNR increases from 0.86 to 1.45. In Figs. 4(b) and 4(c) we plot
the mean and SNR as functions of φ. Besides the excellent agreement between the theory and experiment, these results confirm
the increase in enhancement due to two-photon subtraction. We
note that subtraction of a larger number of photons should lead to
a further increase in both average occupation number and SNR.
The above results demonstrate the increase in the mean photon number and SNR of the light from output port c conditioned
on the subtraction photons from the same output port. Theory
interestingly predicts that photon subtraction from port c also
enhances the mean photon number and SNR for light leaving
from port d . In Fig. 5 we plot the data to demonstrate this effect.
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Fig. 5. Average occupation number (top) and signal-to-noise ratio (bottom) at the other output port d̂ of the MZI measured as a function of the
phase shift introduced within the interferometer. The dots represent the
experimental results, and the lines are the theoretical predictions. Here
n̄  4.1, T  0.9, η3 ∼ 0.42, and η1 ∼ 0.33. Also included are the nonconditioned and one-photon-subtracted thermal light for comparison.

Our results show that the SNR of the interferometric signal can be
enhanced by using photon subtraction. However, our specific
realization of this idea is based on a non-deterministic physical
process (i.e., reflection from a weak beam splitter). Due to this,
our procedure accompanies a postselection loss of some of the
events, and this loss hampers the sensitivity of the interferometer.
Below we study this loss and its effect on the overall sensitivity.
The phase sensitivity of an interferometer can be
characterized by
 −1
∂s
δϕ  Δs
;
(6)
∂ϕ
where s is the signal and Δs is the standard deviation of this quantity. If we gather data from m “clicks,” our total signal is s  mN̄ ,
where N̄ is the average number of detected photons at APD2. If
we compare two different schemes of interferometry with the
same number of measurements (m), one can ignore the number
of measurements. We can also use expressions (2)–(4). For
unconditioned measurements we use N̄  nc and p
ΔN
ﬃﬃﬃ  Δnc ,
and for the subtracted scheme we use ΔN sub  2Δnc and
N̄ sub  2n̄c . The sensitivity of the subtracted scheme and the unconditioned scheme can be compared as the following:




∂N̄ sub −1 pﬃﬃﬃ
∂N̄ −1
 2ΔN 2
δϕsub  ΔN sub
∂ϕ
∂ϕ
 −1
1
∂N̄
δϕ
(7)
 pﬃﬃﬃ ΔN
 pﬃﬃﬃ :
∂ϕ
2
2
However, in our implementation we use a random realization of
photon subtraction. The random nature of the postselection loss
leads to removing events from the analysis. These events may contain information about the measurement, and removing them
reduces the sensitivity.
As mentioned, to take the number of measurements into account, s  mN̄
the standard deviation expression picks
p.ﬃﬃﬃSimilarly,
ﬃ
up a factor
of
m
.
The
implication
is that δϕ decreases by a factor
pﬃﬃﬃﬃ
of 1∕ m as the number of measurements increases. Let us assume that ξ percent of measurements
leads to subtraction. In that
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
case, δϕsub scales with 1∕ 2ξm as a function of the total number
of measurements. One can show that in this case
δϕ
(8)
δϕsub  pﬃﬃﬃﬃﬃ :
2ξ
Thus for a random subtraction procedure to be practical one has
to reduce the subtraction loss to at least 50%. Recently, there has
been progress in realizing a highly efficient scheme for subtracting
exactly one photon from an optical beam [27]. Although sub-
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tracting exactly one photon is not entirely equivalent to “photon
subtraction” (as noted by the authors in [27]), their result suggests
that the realization of photon-subtraction schemes with high
efficiency could be a possibility. Given this exciting prospect,
our experiment constitutes an important first step in developing
useful applications of photon-subtracted states in interferometry.
5. SUMMARY
In summary, we have proposed and realized a procedure based on
photon subtraction for increasing the SNR with which one can
measure the phase shift induced on a thermal light field with
occupation number of fewer than four photons. We have implemented this method for a single-transverse-mode thermal light
field. This procedure could be generalized to increase the measurement sensitivity for each spatial mode of a multimode light
field, a procedure that holds great promise for increasing the sensitivity of image formation of objects illuminated only by weak
thermal light fields.
Interferometry is inherently related to imaging, as demonstrated by the Michelson stellar interferometer/van Cittert
Zernike theorem. As such, an enhanced method of interferometry
for thermal light can potentially benefit all imaging applications
that rely on thermal sources of radiation.
Funding. Defense Advanced Research Projects Agency
(DARPA).
Acknowledgment. We acknowledge funding from the
Defense Advanced Research Projects Agency.
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